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Fabien Leurent, Y Askoura, LVMT Paris, Augagt' 2009

The person capacity of atransit route: areview, assessment and
benchmark of static models for network traffic assignment

ABSTRACT

The planning of urban public passenger transpot¢nofequires considering the capacity
constraints and congestion effects. Modelling thespn capacity of a transit route has been the
purpose of several recent research works to devedtpork traffic assignment models along the
following tracks: (i) effective frequencies, by [@ea and Fernandei)(and Cepeda et aR)

(i) the capacity by route segment, by Lam et 3); ((iii) failure-to-board probability, by
Kurauchi et al 4); (iv) strategy based on a user preference setHamdouch et al5) ;

(v) availability frequency, by Leurent and Askoéa

Our objective is to describe and compare the modféts characterise and discuss their
assumptions and also apply them to a test casehwhitreated parametrically. We consider
specifically: (1) making explicit a capacity corasiit; (2) priority for passengers already on
board over those boarding; (3) the route's waitimge for a boarding passenger; (4) the
distribution of boarding volumes between the ativacroutes from a station to a given
destination.
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1 INTRODUCTION

1.1  Background

Public passenger transport systems have limitechatigs for two main reasons: (C1) the
number of vehicles and the length of their routest Ithe frequency of service whilst (C2) the
frequency of service combined with vehicle passerugpacity limits the number of places
available to travellers per transit route and paetperiod. In addition to these basic constraints,
there are local constraints with local effects gradential effects by network propagation:
(C3) the volume of transit vehicles on a routeimsited by the traffic capacity of the given
section (on roads or railways) and by the vehiagwn capacity at platforms; (C4) the
passenger volume loaded in a vehicle is constraimethe length of time it is dwelled at a
platform (dwell time) and by the time taken for legrassenger to board or exit, which jointly
determine the exchange capacity between the sefwetecle) and the platform; (C5) the stock
of passengers waiting on a platform is limited by farea of the allocated space; (C6) the
circulation of passengers within a station is ledity station access capacity, corridor capacity
and other pedestrian traffic factors. All theseamaty constraints, involving both vehicles and
passengers, are described in detail in Tnensit Capacity and Quality of Service Manual
(TCQSM)from the TRB 7), which also deals with even more complicatedraxtgons which
reduce capacities. Specifically: (C7) the presesfce stock of passengers at a stop which is not
emptied when a vehicle dwells will increase the ltwme thereby slowing the vehicles and
reducing service frequency; additionally (C8) logakrferences between passenger stocks and
flows using different routes constrains their ciation in the station, makes access to the service
more difficult and possibly also hinders accesgetaicles.

This set (C1 - 8) of capacity effects has to besmered and addressed specifically by the
transit network operator and this becomes more tapbas the volume of passengers and the
frequency of services becomes greater - or shoeldrbater if they were not impeded by the
congestion.

In addition to making field observations, which aessential for determining the
magnitude of these phenomena, the operator haseab with congestion by adapting its
operating methods and means (resources). In asdeepare an operating plan, the operator can
simulate projects and operating scenarios in texhservice usage and effects on passengers by
using a model to assign traffic to the networkthpa

1.2  Purpose

In a previous article8), we compared the transit system described by TMGOSM with
representations from traffic assignment models.Hatee identified static models that incorporate
some capacity effects (C1-3) but not the more caad effects (C4-8). We also have found
dynamic, macroscopic, schedule based models thalt wigh a single capacity effect: the
vehicle's passenger carrying capacity (C2), witlthigs that are also applicable to (C6). In fact,
these dynamic models simply extend the static msing of the (C2) capacity effect, the
passenger capacity of a transit route which appedrs the main target for modelling efforts.
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This article focuses on the passenger capacity thmsit route. Our aim is to present the
different models, make explicit and discuss thesumnptions and determine their strengths and
weaknesses. We will consider specifically the follny features in each model:

(1) the explicit or implicit representation of tbapacity constraint.

(2) the priority of passengers on board over baogrgiassengers: a specific aspect of a
transit model but analogous to flow priorities abad junction without traffic lights.

(3) the waiting time for a route for a boarding g&sger: the passenger waits for a vehicle
to arrive and for a place to be available for hien/haccording to the number of waiting
passengers.

(4) the distribution of boarding passenger volunres station between the attractive
routes for a given destination.

Our analysis will consider five distinct models wihiare:
0] effective frequencies, by De Cea and Fernantlean(d Cepeda et a2
(i) capacity by route segment, by Lam et3)] (
(i) failure-to-board probability, by Kurauchi et @)y
(iv)  strategy based on a user preference set, by Hatnabat b);
(v) availability frequency, by Leurent et Askou@).(

1.3 Method

Our objective mainly concerns the physical and eoun outreach of each model. Such a
representation involves a set of assumptions thetentomponents of physical or economic
significance: the distinction of routes, the expliepresentation of vehicle frequency and the
passenger loading, the formation of passenger'sngaime, the formation of a stock of waiting
passengers and the passenger's economic considsratid behaviour when selecting a service
to take them towards their destination. For eacdehwe have considered the basic theory and
the mathematical formulae that specify each compioiwe do not report on the mathematical
treatment to deal with a whole network and multigkestinations because this has become
standardised with recursive equations to yield tsts for hyper-paths and to distribute
volumes, a variational inequation to express ta#itr supply-demand equilibrium and, usually,
a method of successive averages in order to cédcthis equilibrium (e.g.: Spiess et Flori&i,

To make the model descriptions more concrete aadctimparisons clearer, we have
built a test case which involves various componanis$ allows each modelling approach to be
characterised. We apply each model to this casedapting its formulae but keeping their
analytical form in order to consider a set of fiatbading situations and determine how the
model behaves under different origin-destinatiolunes.

1.4 Structure

The body of this article consists of three maintand a conclusion. Section 2 consists of an
extensive bibliographic review of transit assigningrodels that deal with person capacity by
service route. Section 3 deals with the test da@eing specified the structure, we apply first the
model without capacity constraints, namely theroptistrategy model of Spiess and Flori@h (
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which is the standard method for static transitigassent, then the models with capacity
constraints. In section 4, we compare the modelawnerical grounds and from a theoretical
perspective. Section 5 summarises the outcomesuwaggests areas for future work.

2 Bibliographic review of models

2.1  Five Generations of Transit Traffic Assignment Models

Models for assigning passenger flows on transitvagts started being developed during the
‘60s. In a primitive generation, models from Di&D), Fearnside and Drapet1) and Last and
Leak (L2) dealt pragmatically with two fundamental spedifes of transit: (i) the fragmentary
availability of the service for a passenger inatish; and (ii) the possibility for a passenger to
combine several routes that are apt to bring thearer to their destination in order to reduce
journey time by shortening waiting time.

A second generation of models dealt with these iBpges in detail by capturing
stochastic phenomena (passenger arrivals and gedrdVals) and specific economic behaviours
for passenger's choice of itinerary. Chriqui andbiRard (13) dealt with line combination at the
local level between two stations linked by parallees. This was generalized to a network
structure by Spiess and Floriad),(who introduced the concept of optimal strategydassenger
behaviour and developed efficient algorithms thati{d the best routing structure with a local
routing on the basis of dynamic service opportesitand (ii) load traffic onto the resulting
routing structure.

Nguyen and Pallotinol#) linked this model to a bigger mathematical fraragwthat
they specifically developed: the theory of hypethgaon a network. A hyper-path is a cycle-free,
connected sub-graph which heads towards a givaimdgsn. De Cea et allf accommodated
the ‘optimal route’ model in this framework by nesting the set of hyper-paths to the sub-set of
those hyper-paths composed as a sequence of tssasiins between a passenger's origin and
destination.

There have been three subsequent generations oflsndiistly, the development of
static macroscopic models to deal with capacitga@ff; secondly, the development of dynamic
macroscopic models to deal with the timing of phreapa and better capture capacity effects;
thirdly, the development of microscopic models ana dynamic simulations of vehicle and
passenger movements on a network with a very feseniption and a representation of random
aspects. These generations co-exist because rsi@tioscopic models are still the tools that are
most commonly used for planning purposes — seedaepieal 2), Shimamoto et allf), Leurent
and Liu @6), whilst dynamic macroscopic models are used foraradvanced but still limited
sub-network studies (Meschini et al7f, Hamdouch and Lawphongpanicii8)), whilst
microscopic simulators are used to study netwodbl@ms with focus either on vehicle traffic
along the network or passenger traffic within dista(Hoogendorn).

2.2  Static Models for Vehicle Passenger Capacity

Let us come to vehicle passenger capacity. In tic staodel, this capacity is defined at the
service route level by adding together the capeitif the vehicle serving the route during the
assignment period. If these vehicles are identical have an identical traffic load, then the
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residual capacity for a route that is availabldtard passengers from a station is equal to the
residual capacity per vehicle multiplied by the tnemof vehicles in the period.

Last and Leak12) developed the TRANSEPT multi-modal assignment ehad which
the passenger capacity is limited in the vehiclasaoroute. The passenger loading of the
available capacity operates from the origin ofihngte: at stations where the residual capacity is
less than the stock of waiting passengers, onlyptréal volume compatible with the residual
capacity boards whilst the rest of the passengmksthanges to other options. This method
complies with the priority of passengers who bodrdestream on the route over those who want
to board downstream and relates waiting time tgptiodability that a passenger will fail to board
the first vehicle to arrive. However, the posstiilbf waiting at the station for the next vehicse i
excluded and, consequently, waiting time is undgirreated. The model also fails to consider the
distribution of traffic between several attractroeites.

De Cea and Fernandek) (modelled vehicle congestion by linking waitinghé before
boarding to the volume wanting to board and theuwa already aboard. This is why they
replaced the route's nominal frequency by #ifgettive frequencyih the route boarding arc, a
function that decreases with the two volumes in@dIvThis effective frequency model has also
been developed by Wu et dl9), Cominetti and Correa2(Q) and Cepeda et aP), and has the
advantage of easily incorporating the effect ofgemtion without perturbing the model's other
components. The name of effective frequency caedd ko misunderstandings because it is not a
frequency that would represent the operationaltfanmg of the system better than the nominal
frequency but is instead a virtual, ad-hoc freqyeadapted locally to each station in order to
simulate the waiting time for the relevant routdaeTfunction used by Cepeda et 3 {s a
mathematical artefact and not a mathematical egfeof a physical phenomenon, despite the
Markovian model proposed by Cominetti and Corr@d).( In addition, their functional
specification reduces the frequency and capacitgred at all load rates including very low
traffic rates which is unrealistic and could resultuncontrolled effects on the distribution of
volumes across the network.

Lam et al B) explained the vehicle passenger limits using antjtative constraint on
each section between two consecutive stations ooute: these constraints are added to the
system of equations that characterise traffic dmuim. A dual variable is linked to each
constraint, thepenalty, which is zero if the limit is not reached or pive otherwise and
represents an additional time for the passengevdsst stations. The benefits of this are an
explicit representation of such an additional cdstdetermination using the principle of user
equilibrium (by comparison of competing itineraji@sd its incorporation into the itinerary cost
for the passenger. However, the extra cost is eppti every passenger on board, not just the last
ones to board; this means it is more a cost ofodidort in the vehicle rather than a cost of the
waiting time before boarding.

To better differentiate the time passengers speritd vehicle or waiting to board, in a
similar way to Transept, Kurauchi et d) felated a route's residual capacity after passsritad
descended at a station to the volume wanting tododde ratio capped at 1 is the probability
that a waiting passenger will be able to boardfitisevehicle to arrive whilst the complementary
probability corresponds tovait for a later vehicle This is thefailure-to-board probability or
Pe . Under a stationary traffic regime, if the stodkwaiting passengers is not organised into a

queue, then the probability of a passenger boardexh time a vehicle arrives - pg .
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Kurauchi et al 4) initially modelled the diversion of traffic exadieg the capacity on an 'escape
arc' leading from the current station to the desiom: this method locally constrained the
volume to satisfy the capacity constraint but aliethe volume on the network for stations
situated downstream along the route. FurthermbeeFtB cost was not directly modelled using
a physical description of the process: only thebphility of failure was included in a function of
generalised cost of travel to the destination.

Shimamoto et all5) subsequently included waiting time related to pussibility of

failure-to-board in the route cost: this is moralistic and even though there is an excess volume
compared to capacity, this volume is reduced. Deipgnon the timeH , between two vehicles,

the passenger has an average waiting time befareling of dg such that

dg = (L= Pe).0+ Pe (1= Pe)H, + PF (L= Pe)(2H,) +...+ PE (L= P )(MH,)...

Pe H, 1)
1-pe
This waiting time is added to the journey time amaiting time for a route (conditional on
boarding the next vehicle). This yields a routet tietween the current point and the destination:
if several routes are attractive at the currenbfpdiis cost has to be calculated taking accotint o
those of the other routes and their frequenciesveyer, whilst waiting for one route, another
route may become available and, if they are attra@nd available, a passenger can decide to
reduce waiting time, thereby not experiencing ladl iz . Shimamoto et allf) retained the 'no
interaction’' formula ofdg to evaluate the boarding wait in the composite tmsnula, which is
only an approximate forecast.

= (- pe)peH, X mpf =
m=0

Hamdouch, Marcotte and Nguyeh) proposed a 'strategic’ model that we refer tthas
User Preference Set (UPS) model because they lmee dwn definition of strategy: each
current node is linked with an ordered list of s28sDr nodes towards the destination, a successor
node being the head node of an attractive arc chiose the arcs exiting the current node. It is
assumed that the passenger flow is oriented towattdsctive arcs as long as there is available
capacity then to the next arc in order of prefeeemnd so on and so forth. This induces
proportions of local assignment that are analogouske local routing proportions in a hyper-
path. Then the strategy costs are derived fronmp#tike costs and their respective probabilities.
Consequently, the UPS approach is based on thealpfibp of boarding success which makes it
similar to the probability of failure-to-board meth However, the model has the following
difficulties. Firstly, there is no variability ihe route costs unlike the strategy model proposed
by Spiess and Floria®). why oblige a passenger to use another itinerattyer than wait and
experience a waiting cost? The solution to thiskmeas is the main addition provided in the
dynamic version of the model by Hamdouch et Lawgipamich {8). Secondly, the model is
applied to the transit network using only the ptjoof passengers already on board over those
waiting to board: this is certainly a very impottagffect and has to be represented but the
combined treatment fails to deal with the differidgscrete availability of routes and the
possibility of combining frequencies! This creatasproblem especially when there is no
saturation because the model is reduced to asgigheoptimal path based on average waiting
times. Thirdly, the model is applied to an acydlicatwork: the combined treatment of several
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destinations is not explained whilst the list oflened nodes at any node can change with the
destination and this causes ambiguities when détargithe probability of boarding success.

Tian et al 21) modelled passengers' interactions along a tréinsitwith egress only at
the line terminal (ideally the city centre): the anetravel cost by line segment depends on the
number of passengers in the vehicle; every passengg choose his/her departure time and
thereby the vehicle in the service sequence. Tial also considered the seating capacity in a
restricted way in which all seats would be occugred the line origin. Leuren2@) developed
a model of seating capacity along a transit linghveccess and egress of passengers at every
station and priority rules among the passengersolidaining a seat: standing passengers on-
board have priority over boarding passengers arll an equal probability of obtaining a seat
within each group. Assuming that the cost of stagds higher than that of seating, the segment
cost from the boarding to descending station snalom variable with structural dependency on
the seating capacity and the origin-destinationgégment) matrix of passenger flows. Leurent
(23, 16) extended this model of seating capacity to a @@neetwork, in an equilibrium
framework. He did not address the service capacityerms of both standing and seated
passengers.

Leurent and Askoura) modelled availability frequency at a station lfmarding a route.
The model's principle is as follows: if the voluroé people wanting to board exceeds the
capacity, not only does the boarding volume satutfa¢ capacity, i.e. equals it, but also a new
stock of waiting passengers is created for theerobdich passenger experiences a waiting cost
for the next vehicle to arrive if he/she has hadetoa full vehicle go by: this is the pass-up
situation. This waiting time depends on two vamablthe first is the penalty, the dual variable
linked to the capacity constraint which is similarthat of Lam et al3) but for a boarding arc
rather than an on board arc. The second variabl@esfrequency reduction, the frequency

decline &3 per destinatiore, which is subtracted from the nominal frequerfgyfor the routea

in vehicles per period to yield a reduced frequet[)rt:}i;aS = f, — &3, which is interpreted as the

frequency with places available for a passenger whots to board. When not saturated, the
frequency decline is zero and the availability treacy is equal to the nominal frequency which
avoids some of the problems found in effective dimgpy models. The ratio between the
frequency decline and the nominal frequency isfaiilare-to-board probability. This means that

the availability frequency model combines charaster features from various preceding

approaches.

3 ATEST CASE FOR USING THE MODELS

To confirm our statements made in the bibliograplexew of the models, we built a simple
case on which to use and compare the models. Wkedsthy specifying the application data,
which is fixed in terms of the network and servibes variable in terms of demand volumes, in
order to analyse the sensitivity to traffic loads 3.1). We then processed the case without
capacity constraints (8 3.2) then apply, in sudoasghe Lam model with penalties by inter-
station segment (8§ 3.3), The FF effective frequanogel (§ 3.4), the FtB method using failure-
to-board probability (8 3.5), the UPS user prefeeemodel (8 3.6), and the AF model using
availability frequency (8§ 3.7).
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3.1 Case Design and Parameters

A transit network with three stations, A, B and &spectively, served by four transit lines:
(1) direct line from A to D, (2) from A to D via §3) from B to D and (4) the same.

Each linez has a nominal frequency, and total capaciti, as specified in figure 2, and a
time between stations'™ from noden to nodem. For each statiors, a nodeS, represents a
platform where passengers stop or select their noexé; a nodeS, represents descending from
route z in station S coming from upstream, whilst a nodﬁr represents boarding a route

towards a destination. The sojourn time on (8£,S; when the vehicle dwells in the station is

ignored. By assumption the routes are operategarntently of each other; each one is operated
assuming no time memory (i.e. exponential vehigadway) so the waiting time per passenger
is equal tow, =1/ f,.

The demand consists of two origin-destination (OvBlumes, one from A to D denoted loy

and the other from B to D denoted loyy. Passengers have a homogeneous perception of the
travel conditions and we assumed that the genedhltost of travel is reduced to average
physical time.

By combining routesz into a sub-set’, the combined wait is reduced te, =1/ f,

with f, =% . f,, and by taking the first line to arrive amongst the passenger has an

average time oz =wy + Zﬂzlff—;Tz , with T, the time viaz from the vehicle's departure to

the passenger’s destination.

t2™ fiyed in order to explore:

We have kept the supply variabl€t,, K,
» for low values ofgp , low then high values ofjg, in order to saturate line 2 from B to D

then line 3 and use line 4 as a last resort from B.

» if necessary, we then increase volumg in order to saturate line 2 and make line 2

unavailable at B. Line 1, which is not saturaté@nt becomes the system's ‘thermostat’ for
the origin-destination pair from A to D.

t(AB) = 18'
f1 = 5/h,K1 = 4,000 p/

Ligne 2

to(AB)=10' to(BD) = 10
............... N W WL e Aeos .
f, = 10/h,K2 = 2,000 p/ Ligne 3 t3(BD) = 15'
Ot
E‘.?.E‘.‘?.ff ......... 4(BD) =30 @

f4 = 10/h,K4 = 7,000 p/

FIGURE 1 Case network
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3.2  Model Without Congestion

Lines 2 and 3 are attractive at B: their intervaflsninimum and average tim[ea'z3 BD +w, ]

cover each other because they are, respectivedy, 16’] for line 2 and [15’, 277] for line 3.
Line 4 is not attractive because of its interval [B0’, 36’]. The combined frequency is
fg = f, + f3 = 15/h. The volume&yg boards line 2 in a proportion df;, = f,/ fg of 2/3 and
line 3 in a proportion ohgg = f3/ fg of 1/3. The average combined waiting timemg =1/ fg =

4’ and the average time per passenger fromB ® D i
Ggp =W +2t5 £ +—tBD =152

Similarly, at A, lines 1 and 2 have intervals fronminimum to average cost of, respectively,
[18", 30°] for line 1 and [20’, 26] for line 2 makg both attractive. The combined frequency is
fa = fi+ f, = 15/h. The volumeg, boards line 1 in a proportion of 1/3 and line 2an
proportion of 2/3. The average combined waitingetim wy = 4’ and the average time per
passenger from Ato D is

f f
Gap =Wa +-t° +2 150 = 233,

Figure 2 shows the local routing ratios on the wekwvhich define the traffic assignment if we
ship volumesg, at A andgg at B and transport them to D.

Ligne 1l 100%

FIGURE 2 Local routing proportions, model without congestion

3.3 “Lam” Model With Penalties by Segment Between S  tations

Lam et al 8) linked a capacity constraint to vehicle passemgg@acity for each inter-station arc
and not for the route boarding arcs. In our cdseyblume from A on line 2 between B and D is
subject to a capacity constraint as is that whigarths at B, in other words, the passengers that
are already on board would not have precedencelmaeding passengers.

Let us derive the consequences of this in our adeeoting byyBD the penalty associated to

constraint g f2 +0g fz <K,. When the constraint is saturated, the cost iatefor line 2
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becomest£3D +y5‘D +[0,w,] at B where route 2 is only attractive if its mimim cost stays
below or equal to the average cost of routesg+t=EP .

The maximum penalty which maintains the attractégsnof line 2 at B is
=wy +tg° -t3P =17,
But if we assume that the volume from A is subjech local penalty, the overal costs of line 2

becomes(w2+)t2 +t2 +y2 with a cost interval ofy§D+[20’, 26’] which is not more

competitive Wheny2 = 17’ compared to line 1 which is assumed notedcsaturated. In this
event the volume from A would not use line 2, ag Was yielding priority to the volume from
B: but it should hold the priority! The limit vaIu?zQ for maintaining line 2 attractiveness at A is
imposed by the average time of line 1 at@° =w, +t{'° = 30", through{, =G{° -t5° =
10’. Beyond this value, the model is no longer ¢steat with the priorities between passenger
volumes.

By settingqg, = 1,500 p/h, we can study the state of the systeim ispect tagg . When route

2 is not saturatedy, is assigned at 1/3 on line 1 and 2/3 on line Xinwav,, = 1,000 p/h and

leaving a residual capacity &f, = 1,000 p/h on this line. This capacity is suffidiém allow all
gg to be distributed between lines 2 and 3 up tolaevaf

~1 _ f2+f3

Jg = 0 = 1,500 p/h.

Beyond gz, line 2 should be saturated between B and 51 =10 then all the capacity., is
available forgg, but this flow can only saturate capacity if

g 2 G2 = 2*;3 , = 3,000 p/h.

On [ﬁé,ﬁé] the volume from B can not board line 2, which riefemygD >17 in order to make
it unattractive but this also would prevegy from using the line: The model is inconsistent for
this interval.

For gz = Ga, O Saturates line 2 with penalty® >0 and also line 3 with penalty5° > |0

becauseﬁéfl =K3. The requirements about penalties are th@f? >10 so as to exclude
2

+ 13
Ja, and y?D 517—y?EfD. This model is under-determined but as the pasaltre experienced by
users on the origin-destination pair from B to D @& assume that the collective behaviour
minimises them and retaiyp° =10 andy5° = 0. This fixes

GBD = 1+ fotp +v2) + fats _ 221

at pointgs =097 .
fot fy pointgg =(Qg
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For gg >Ej§, line 4 has to be made competitive at B which megupenaltiesy, and y; such
that

1+ fo(ty +yo) + f3(t3 +v3)
f2 + f3

21y,

in addition to the preceding constraints. The mummnumerical values arg, :17% and
Y3 = 7'Z with an average cost;" =t, = 30'.

The {2, 3,4} combination of lines can accommodatyy by saturating line 2 if
ag = ﬁg E%KZ has a value oﬁg = 5,000 p/h. On|Gz,d3], the volume is distributed
between the combinations {2,3} and {2,3,4}, whiatnserves the link volumes,g and vy .

Beyond Gé, as lines 2 and 3 are saturateg, has to be spread between {2,3,4} and {4}, which
requires

1+ fo(ta+yo) + fa(ta+va) + fala o | 1
f2 + f3 + f4 = fq’

in addition to the preceding constraints. The mimmnumerical values arg/, =26 andy; =

21’, for an average cost G5° =t, +-L = 36"

fy

In summary, capacity constraints on inter-statiars aesult in paradoxes and unrealistic effects
on volume distribution and the allocation of capadiy erroneously ignoring the volume
priorities between those passengers on board ase tioarding.

3.4 “FF” Effective Frequency Model

In the effective frequency method, a volume wantmdpoard is faced to the boarding capacity
which is equal to the difference between nomingbciéty and the volume that remains on board
(which has priority to continue its journey). lfetmesidual capacity is insufficient, then boarding
passengers have a boarding delay that is modefled b

dgy = 1Pz
depending on the effective frequenEy < f,, wheredﬁz includes the service's average waiting
time.

De Cea and Fernandel) (suggested a two argument function: the boardiolgrae vg and

transit volumevy using the formula

+
F (Vi V) = o1+ B(ﬁ)o‘]‘l with a,3>0 forv} <k, -v3 and
a V‘a
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F, =0 for vi 2Kk, V3.

This formula involves every flow volume which issaurce of two major inconveniences: not
only does it effect low volumes, which is unreatistout its activation does not require that
volumes are approaching the residual capacity. phisvokes the propagation of unrealistic
volumes upstream and of unrealistic costs downsirga network assignments. The same

comment also applies to the function suggested dpe@a et al?): zero for v; >Ky—-V5 and

+
for V3 <Ka =V, Fa(va,V3) = fall— (—2—)%] with a >0.
Ka=Va

To correct these twin problems, we suggest limitgfrequency reduction to one sfep, ]
the ratio between the volume and the residual ¢gpadth 1, at a level of 80% or 90%. Here
is a formula of the function with an exponentog : 1

Fa(Vi V2) = fo[1-{ (MR TTay 1o with (y)* = maxy,0}

1-m,
V+
andp=—2—orp=

Ka _Vg

+ (0]
Ka

This specification ensures that the frequency ramanchanged as long ps 1. Consequently,

the frequency reduction only becomes active whelurmes exceed a proportion of the
residual capacity. This linkage between the respestates of frequency reduction and load rate
p makes the time effect on waiting delay analogous boarding penalty.

Let us consider for the purpose of the illustrattbat p = vy /K}, with Ky =k, -vS and set
n=90% and a =1 For gy = 1,500 p/h,v&z%qA = 1,000 p/h, which leaves a residual

capacity for boarding at B on linek, =k, —vs = 1,000 p/h.

12

10

: \

6 \

4 } Frequence %
2

0 ‘ T T T T T T T T

00 01 02 03 04 05 06 07 08 09 10

FIGURE 3 Graph of an effective frequency function.
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Let us provide an overview of how the volume assignt changes in relation to the demand
volume gg . Lines {2, 3} are attractive from O tqg when line 4 becomes attractive then three

lines {2, 3, 4} are attractive. The interv&l),qg] is divided into three segments: first[Q,qé]
where the frequencies for lines 2 and 3 are un&l!da,mgpcondl;[qé,qé] where frequency, is
reduced but nof,, and thirdly[g3,03] whereF, and F; are reduced. Beyongs, we find a
segment[qg,qé] where two strategies co-exist {2, 3} and {2,3,#4en for gg = q‘B1 only the
full strategy {2,3,4} is used without reducirfg on [qg,qg] then reducing it omqg,qg] , Where
O =K +K3+Kj.

Let us determineqs, the maximum volume for which lines 2 and 3 araative without a

frequency reduction. Thquﬁ =ThHK5, yielding qé = 1,500 p/h.

Beyond qé, congestion reduces the frequency of line 2: i with line 3 operates according
to

J'|m
I
=

Va _
F

Under our assumptions for the range of values deneil it holds thaf, = f,(1- "2“(—2"2)

y

thus v, /F, =y is equivalent tov, = sz
2 2

Line 3 frequency is unchanged up to a vale TK5, thus y = T3K5/ f3 which corresponds to

2 _ K3/ f3
U5 =TK3 + K3 Ky (A=) / fo+T5K5 / f3

.In figures,qé = 1,847 p/h.

On [q%,qé], we determine the volume distribution by replaciggby (q-v,)/ f3, which
induces a second degree equationviFVv,: were K" = (1-1p)Kk5f3/ f,, the equation is

V2—(K'2+K"+q)V+C]K'2 =0.
Beyond qé, both lines are subject to frequency reductions. VA= gg —V,, the volume is
distributed in accordance with

Vi - 0TI = - R0 22T
1-1T 1—T[2

f3 11'[2

. . . _ gV _ _ _ _
which is still v (L K—,s)—(q v)(1 Ki,z),where(p—l_

, from which we get the following
equation for deducing =v, from q=qg:
Vg Vil o= B+ d]-q=0

K3
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In this regime, ass, OK5[1,,1] and vy OK5[ 1R 1], the ratiov—2 DK—,Z[th,i] : the linkage effect
V3 Kg L]
on each route induces reasonable consequencédgefatio.

On [qg,qé] the solution is a convex combinati¢h-n)S,,3 +NnNS,,344 Of two strategies, {2,3}
and {2,3,4}, with a coefficient) that varies from 0 to 1. This means that line grisgressively

loaded thanks to the second strategy whilst themek boarding lines 2 and 3 at B remain
constant.

At n=0, volume qg and its distribution between lines 2 and 3 areemeined by three
conditions:

_.3
Vo, V3 =0g,

Va _V3_ y, which in this case is equivalent i§ = — “a a
R Ka(l-T)/ fa+y

1+ F2 t2 + F3t3 =t4(F2+ F3) which is eqUivalent t(6t4 _t2) F2+ (t4 _t3) F3 =1

nd

From this we deduce the following equationyin

Ko N K3 _1.
Ko(l-Tp)/ fa+y K3(-Tg)/ f3+y

The solutiony *determinesv, and vs, thus qg =V, +Vs. In figures, y * = 570 p/veh thus, =
983 p/h,v3 = 966 p/h andys = 1,949 p/h.

The valueqg being defined by\é—:‘1 = y*, we getv, =5,700 p/h andyg = qS +v, = 7,640 p/h.

Beyond qg, we determinqu where V, =m,K}, thus §y= 630 p/veh andv, =V,(Yy),
vz =V5(9). In figures, we find thatiy = 8,254 p/h.

3.5 “FtB” Failure-to-Board Probability Model

Kurauchi et al4) addressed the capacity constraint on passengacitain vehicles on a transit
line on the basis of the failure-to-board prob&pifnodel: for a route that attracts a volume of
passengers that is greater than the residual ¢gp#oe excess volume is removed from the
network. It is assigned to a fictitious arc fronethurrent station to the destination, in other
words an escape arc.

The ratio between the residual capacity and theaéd volume, capped at 1, is the probability
of successful boarding: its complement at 1 isgrabability of failure-to-board, ompg . In our

fa , B
et exceedsk, at node B, thenpg

reference case, whew, = Qg '2:1—%. The excess
2

fot+fs

volume vzp,'?2 is evacuated onto an escape arc for valuesggf over q|(31):K'2 ;
2
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Additionally, when v3=0g fzf+3f3 exceedsky then pB3=1- j and vype? is artificially
evacuated.

In this model, the maximum capacity of a routeosally respected but to the detriment of the

continuity of volumes on the network: the exceslsime is truncated instead of being transferred
spatially towards other means of transport or, w@mlfy, into a stock of waiting passengers. The

dynamic version of the model (Schmdcker efd),includes the temporal transfer which is very

necessary in practice. In the static model, themdss of the transfer of the excess volume has
consequences for the simulated downstream voluire@shiave a greater impact as the line's

capacity increases. To try and partly remedy tthie, model's authors penalise the failure-to-

board in the generalised cost of travel in ordeensure that the propagation of costs upstream
from the station orients the volume towards othatgof the network. Their penalty formula is

d2? = -8.In@- pg?), (2)

with a penalty coefficien® that is a calibration parameter. The penalty i® xehen capacity is
not saturated: it increases with the failure-tofdgarobability. However, it does not depend on
the path that has to be covered on the networkdolr the destination which is not very realistic
in a static system.

By fixing g, = 1,500 p/h, thux’, = 1,000 p/h residual capacity on line 2 at B lesusly the
state of the system with respectdg. We also fix0 =10

Uptoq

=12 2f3 K, = 1,500 p/h, the system is not saturated;” = p2% = . Beyonddg, line

2 is saturated. Line 3 is saturated fré = f2;f3 K5 = 3,000 p/h.

On [Gé,aé] the generalised cost is

G =
B = 1T,
1t ot +1sls g et
fyt T3 Ko( T2+ T3)

Beyond ﬁé, and up to'q"g’ when line 4 becomes attractive at B, the gen@ac®st is

1+ oty + fot
GBD_% BIn(L- p22) -6In(L- p23)
2 3

+ + 2
1+ ot + gty o) dBfafs .
fa+ f3 KoK3( 2+ f3)

In G5, Ggp =t4 which defines

K5K: 1+ foty+ faot
G = (fo + f3),/ 5252 exrize[u 4]éif333}
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In figures ag = 4,344 p/h.

fotfatfy

. K, /gg)" and the

Beyond ag, the probability of failure-to-board lina is pE'a =@1-
generalised cost is
_ 1+ oty + fots + futy

_ _ B2y (1_ B3y ;1_ B
Ggp = 40yt BIn[(1- pg©).A- pe™)-A- Pl

Including line 4 in the attractive combination manltally reduces the volume assigned to the
other lines and thus their failure-to-board probghiln Figure 4 at § 4.2 we can see a

discontinuity in the generalised cost just aﬁr, which is not very realistic.

3.6 “UPS” User Preference Set model

In the user preference set model, the passengardaiard line 2 at A have priority over those
wanting to board at B. As line 2 has a non-satdraierage cost that is minimal between B and
D, passengers at A have at least three compesitragegies: the ordered lists of preferences are,
in order of rising average costs [2], [2,1] and [1]

If ga <Ko then all the volume is assigned to line 2 which tiee lowest average cost. [2] is the

optimal strategy between A and D without combinibgvith line 1 even though this has a
minimum cost that is less than line 2's minimunt!cos

If ga >Ko then the optimal strategy becomes [2, 1]: straf@@ycan not be achieved because
demand pressure makes obtaining a place on linendtter of chance, i.e. a stochastic process.
The volume from A boards line 2 in a proportion@{, = K,/qda , and line 1 in a proportion of

pa1 =1- pa2. Which yields an average cost per passenger of

Gap = Par(Wy +t{2) + pas(wy +t5°) .

For passengers coming from B, dj <K, then there is still available capacikp =K, — 0 -
The possible strategies by order of increasingameecost are [2], [2,3], [2,3,4], [3], [3.,4], [41.

Og < K> then [2] is the optimal strategy g >k5 then path 2 on its own can not make a
strategy because the saturation makes obtaininigce n this line a matter of chance. The
volume from B accesses line 2 in a proportion @, =k%/qg, line 3 in a volume of

vz = min{K3,qg — K5} thus a proportion ofpgz =Vv3/qg, and finally line 4 if 1— pgy)dg > K3,
in a proportion ofpgs =1- P2 — PR3-

If line 2 is saturated at node A, then it is un&lasle at B, the volumeg is distributed to lines 3
and 4 using the same formulae as before, replapggwith zero.

The average cost per passenger from B is

Gap = Pro(Wo +t50) + peg(wg +t5°) + pga(wy +t5P).
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3.7  "AF” Availability Frequency Model

The traffic assignment in the availability frequgnoodel is the same as in the model without
saturation when there is no saturation. In our ,cthe® applies for the volume coming from B up
to a value of

1= 24 T3 0 with Ky =Ky -2
O f, K2 2=K27%, Oa-
Between q%] and q[BZ] =K +K3, there is only one traffic regime where, =k’ and
V3 =(0g — V. In this regime, as route 2 is saturated, a matgassenger can only use route 3
and experiences a (marginal) cpst t3 +1/ f3.

In the static framework the marginal cogt establishes a reference for saturated routes:
M=ty +Yy, with y, a boarding penalty for a saturated route. Botasliare attractive thus for
both of them we impose that

V. \Y,
Y Vay,
f2 3

with y an auxiliary variable an(fzB the frequency of route 2 with capacity availabid3aas
for v, =K%, it becomessz = qg — K% which determines/ = (gqg —K5)/ f3 thus

I

K2
dg —K?2

and consequently, the frequency decline due todpacity constraint:

~ K'
fp=-2=1fg
y

5B =ty TB= 9 f2 ‘K'z(f'2 *13)
O —K2

The frequency decline for lack of available capadst interpreted as a failure-to-board for a
passenger in a vehicle serving the route with tobability EE'Z = 65/ fo.

When gg increases, the frequencies are progressively esllugne 4 becomes attractive from
q[BZ], which increases the average in-vehicle time. @fierage cosfu also increases as a
marginal cost per passenger. Specifically,gf = k5 + k3 then v, =K% and vg3=k3 thus
V4 =0g — K% —K3. This fixesy =v,/ f4 thus againi‘}B =k5/y and F3B =kK3/y. Furthermore,

penaltyy, stems fromy, =p—t,, with p =ty +f—14 .
Formally, let us definefNZ =2 1‘~a and setw=(H +3> Faya)/ 172, H being a base time in

accordance to the definition of the line frequesci€he termw is interpreted as the average
waiting time per passenger. Then

Person capacity of a transit route Paper presented at the"8BRB Meeting, #10-2020



10

15

20

25

30

35

Leurent F, Askoura Y 19 /23

Zaja ta

=w+
H i

expresses the average cost per passenger produttesl tbmbination of attractive routes.

4 SYNTHESIS AND COMPARISON OF THE MODELS

Having discussed the principles and used each mmuel test case, we can summarise the
specificities of each model (8 4.1) and comparentibelels from numeric (8 4.2) and theoretical
(8 4.3) standpoint.

4.1  Qualitative Summary by Model

We observed that the Lam model has certain incamgiges in its interpretation with an
application shifted spatially for the capacity pgnand a lack of priority between passenger
volumes.

The UPS model is very close to a road assignmergpxhat passengers on board have
priority over boarding passengers. The constrdigpatial transfer from a saturated route, rather
than waiting in place, is poorly representativagfassenger's behaviour.

The FF model is grounded on sound physical and anan principles. It includes
priorities between volumes, increased waiting timeken loads approach capacities,
combinations of attractive missions including wagtitime and the distribution of the volume
between attractive routes according to reasonablgoptions.

The AF model is easy to use; a route can be loaget its nominal capacity and then
only the local frequency is adjusted to represkatshortage of available capacity. The average
time depends on unsaturated attractive routesiges penalties for waiting in the station for all
passengers at boarding.

4.2  Numerical Comparison

Table 1 summarises the application of the differaontdels to the test case, fgp =1,500 p/h
and gg = 1,800 p/h. The Lam model is not well-defined &st values. We noted that the case

parameters yield values that are quite similaiefreh model in terms of both volumes and travel
times.

Figure 4 shows the change @gp againstqg, still using qa=1,500 p/h. In general, the

function increases in each model with the exceptiba local accident in model FtB (cf. § 3.5).
The UPS model behaves smoothly, the FtB is moley/jehe FF model advance by stages of
varying slope and is unchanged over large rangelstwkhe Lam and AF models increase by
jumps.
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TABLE 1 Comparison of Modelson a Test Case

Variable Without Lam FF FtB UPS AF
constraint

VA 1 500 0 500 500 500 500
VA 2 1000 1500 1000 1000 1000 1000
vB_2 1200 | undefined 945 1000 500 1000
vB_3 600 | undefined 855 600 1000 800
vB 4 0 | undefined 0 0 300 0
G_AD 23.3 23.3 23.3 23.3 26.0 23.3
G _BD 15.7 | undefined 18.0 17.5 25.5 27.0

y3P pB2 P28 2| 6/hH

17.0 16.7% 27.8% 6.3 0.375

not included pE,3 Px f~3B &/ ?)E

in cost 0.0% 55.6% 5.0 0

from A p24 | Pae 2 | ©rn§

16.7% 10.0 0

40
o
Q
5] ©
30 A
25 —
i I ——UPS ——AF
15 00 60 EH N NNNED D
Volume gB
10 |
0 1000 2000 3000 4000 5000 6000 7000 8000 9000

FIGURE 4 Origin-destination cost from B to D against O-D volume gB.
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4.3  Theoretical Comparison

The person capacity of a transit route is captimg@ constraint that limits the volume on the
basis an effective frequency function in the FF eloor directly in the other models. The
constraint effects the volume on a route segmernhenLam model or, more realistically, the
boarding volume in the UPS, AF and FtB models. Taiter model applies the constraint ex-
post rather than ex-ante to the detriment of flamtimuity. In the FF and AF models, the
frequency is locally reduced when the volume apgrea (FF) or saturates (AF) the capacity.

The priorities between passenger volumes, thosgoards over those wanting to board,
are explicitly captured in the FF, AF, FtB and URS8dels. It is ignored in the Lam model with
potentially some counter-intuitive effects.

In respect of estimating waiting time and the ollecast per passenger, a reduced
frequency or a saturation penalty can increasemhiéng time when full capacity is reached.
The AF model combines both effects whilst the FFlelauses only reduced frequency; the FtB
model penalises a failure-to-board. The Lam moeéekfises capacity but by route segment and
not at boarding, which offsets the place it is &bl The UPS model does not include penalties
directly because the excess volume when capacigtisrated is transferred to another option
with a higher cost.

For the distribution of volumes between routes tedpassenger's choice of route, each
model includes a composition of attractive routesthe Lam, FF, AF and FtB models, route
attractiveness has a standard definition: a raugdtractive when its minimum cost is lower than
the estimated average costs of any routes thatuaawailable at that time. The notion of
attractiveness is unique and debateable in therdgti| (see § 2.2).

5 Conclusion

5.1  Recapitulation

Based on a critical review of the principles in thedels and their application to a test case, we
defined the behaviour and scope of a model forgrags capacity of a transit route incorporated
in a traffic assignment model. We jointly assesied capacity models, which allowed us to

compare them. The FF and AF models appear to bearel and robust. The Lam model suffers
from an offset between the boarding arc and theersegment. The FtB and UPS models do not
involve waiting time, or only slightly, whilst thisariable plays a fundamental role in the

capacity effect under review; this drawback is ecred in the dynamic versions of these models.

5.2 Future Work

Even in a static framework, the explicit represgataof the volume of passengers involved in a
waiting situation allows the stock of passengeese@nt in a limited space, such as a boarding
platform, to be identified. This identification manable one to model the effect (C5) of the
capacity to stock passengers in a confined space.

Another subject for research is evaluating the ciypaf a route. Demand variability
over time and space and also the specificitiesnafvidual travellers make the passenger
capacity of a transit route a macroscopic varidbée is subject to variations: its variations and
their effects on volumes could be the topic ofatisastic model.
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